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Abstract 

Particles states transforming in one of the infinite spin representations of the Poincare 
group (as classified by E. Wigner) are consistent with fundamental physical principles, 
but local fields generating them from the vacuum state cannot exist. While it is known 
that infinite spin states localized in a spacelike cone are dense in the one-particle space, 
we show here that the subspace of states localized in any double cone is trivial. This 
implies that the free field theory associated with infinite spin has no observables localized 
in bounded regions. In an interacting theory, if the vacuum vector is cyclic for a double 
cone local algebra, then the theory does not contain infinite spin representations. We 
also prove that if a Doplicher-Haag-Roberts representation (localized in a double cone) of 
a local net is covariant under a unitary representation of the Poincare group containing 
infinite spin, then it has infinite statistics. 

These results hold under the natural assumption of the Bisognano-Wichmann prop¬ 
erty, and we give a counter-example (with continuous particle degeneracy) without this 
property where the conclusions fail. Our results hold true in any spacetime dimension 
s -f 1 where infinite spin representations exist, namely s > 2. 
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1 Introduction 


The classical notion of particles as pointlike objects is meaningless in Quantum Mechanics. 
Here the wave function satishes the Schrodinger equation and the Heisenberg uncertainty 
relation prevents a sharp localization; increasing energy is needed for better localization. 
We are going to discuss the intrinsic particle localization properties, and show why infinite 
spin particles exhibit an essential difference from finite spin particles in this respect. 
Wigner particles and classification of Poincare group representations. In Relativistic Quan¬ 
tum Mechanics, one better defines a particle through its symmetry, rather than localization, 
property. The Schrodinger equation is replaced by the Lorentz invariant Klein-Gordon 

equation and this point of view led to define a particle as an irreducible, positive energy, 

'f 

projective unitary representation of the Poincare group V\_, hence to an irreducible, pos¬ 
itive energy, unitary representation of the double (universal) cover of V'\_. These are the 
“minimal” Poincare covariant objects, the building blocks of any more complete theory. 

Within this point of view, E. Wigner [34] obtained his famous classification of the irre- 
ducible, positive energy, unitary representations of the double cover of V\_, which is isomor¬ 
phic to XI SL(2,C). 

We briefly recall that a unitary, positive energy representation U is classified, up to uni¬ 
tary equivalence, by two parameters m and s. The mass m takes values in [0, oo) (the lower 
point in the energy spectrum). If m > 0, then the values of the spin s are 0, 1, |,2,... 

(the unitary representations of the cover of the rotation subgroup). 

In the mass zero case, the representations fall in two distinct classes according to the 
representations of the little group, which is the double cover of E(2), the Euclidean group 
of the plane. The representation with trivial £'(2)-translations are representations of the 
(double) torus, labelled by the helicity, a parameter s that takes the place of the spin, 
s — 0 - 1 - 2 

The remaining massless representations correspond to infinite-dimensional, irreducible 
representations of the double cover of E{2) and are labelled by a parameter k > 0 (the radius 
of the circle that is the joint spectrum of the E(2)-translations) and a ± sign (Bose/Fermi 
alternative). They are called infinite spin (or continuous spin) representations. 

Inhnite spin particles have so far not been observed in nature, although they are compati¬ 
ble with all physical first principles, and are usually disregarded without further explanation. 
A result by Yngvason [36] shows that they cannot appear in a Wightman theory [36| since 
no Wightman fields (which have pointlike localization) transforming under an infinite spin 
representation can exist. One of the main aims of this paper is to study the peculiar lo¬ 
calization property of these particles so as to explain why they are not observable in finite 
space and time. They are however localizable in certain unbounded spacetime regions [I] 
(cf. also [H]). Indeed, the authors of [27] have constructed such fields ^{x,e) which are 
localized along rays x + M+ • e where e is a spacelike direction. 

We mention at this point that more general notions of particle are necessary to describe 
situations where, for example, infrared clouds are present, cf. [6]; these will not be considered 
in the present paper. 

The main body of this article deals with the issue of localization of (one-particle) states. 
In Sect. [H we present some consequences for the localization of algebras of observables (in 
the sense of spacelike commutation relations). The one-particle results directly pass to free 
fields by second quantization, and we shall discuss general results in the interacting case. 
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Localized particle states. Given a particle, namely an irreducible, positive energy represen- 
"T* 

tation U of P_J_, what are the localized states of of U? 

If we restrict our attention to finite spin particles, the answer is well known in the 
Quantum Field Theory context, where one assumes the existence of a local free field trans¬ 
forming in a given representation. In the scalar case, for simplicity, the one-particle Hilbert 
space LL can be obtained by equipping the Schwartz function space with a scalar 

product, given by the two-point function {f,g) = {^{f)Q,^{g)Q) of the field. Its Hilbert 
space closure LL can be viewed as the space of positive energy solutions to the Klein-Gordon 
wave equation, and carries an irreducible representation U of with zero spin/helicity. 
The localization of one-particle states is given by the support of the Schwartz functions; 
by assigning to an open region X the closed real linear subspace H^{X) C Ti, the closure 
of the space of real smooth functions with support in X, one obtains a local 17-covariant 
net of standard subspaces of LL (see below). The locality of the held, together with the 
identity i’^{f,g) = ( 11 , [$(/)*, imply that two subspaces H^{X) and H^{Y) are 

symplectically orthogonal whenever X and Y are spacelike separated. 

In the sequel, we describe the procedure of modular localization, which intrinsically 
associates with a given representation the states localized in a region X, without referring 
to a local held. 

Terminology. A wedge region VF is a Poincare transform of the standard wedge Wq = {x £ 
: X 3 > |xo|}, and W is the set of all wedge regions. The standard one-parameter family 
of boosts preserving Wq is called A^yp(t), and we put Avi/(l) := g^Wo{t)g~^ if IT = g{Wo). 
A double cone O is the open intersection of a future and a backward light cone, and O is 
the set of all double cones. A spacelike cone is a region of the form C = x + Ut>o ^^ where 
X G and O G O is a double cone spacelike to the point 0, and C is the set of all spacelike 
cones. Two regions A, Y are spacelike separated if every pair of points {x,y) G X x Y is 
spacelike separated. The spacelike complement of a region X is denoted by X'. 

Standard subspaces. Let "H be a Hilbert space. A standard subspace 77 of 7^ is a closed, real 
linear subspace which is cyclic (77 -|-i77 is dense) and separating (77 ni77 = {0}). Standard 
subspaces of the one-particle space naturally appear in the above free held construction: the 
standardness of 77$ (O) is equivalent to the Reeh-Schlieder property that the vacuum vector 
is cyclic and separating for the corresponding local von Neumann algebras *4.(0) [I]. 

If 77 is a standard subspace, the Tomita operator S : ^+ir] i-)- i—ig, ^,r] £ H, remembers 
H as H = Ker(iS' — 1), and its polar decomposition S = gives the modular operator A 

and the modular conjugation J that satisfy the one-particle version of the Tomita-Takesaki 
theorem: 

A**77 = 77 VtGM, JH = H', (1) 

where 77' is the symplectic complement of 77. 

The Bisognano-Wichmann property. Now, let U he a positive energy representation of 
on 77, and W 3 W 1 —)• H{W) a net of standard subspaces on the wedge regions of the 
Minkowski spacetime which is 77-covariant: 

U{g)H{W) = H{gW) . 

The Bisognano-Wichmann property [2] asserts that the modular group of 77(IF) is related 
to the boost transformations A^y preserving W: 

= U{Aw{-27Tt)) . (2) 


3 


If H (C) is cyclic for all cones C, then Jw acts geometrically as a reflection around the edge 
of the wedge, so there exists an anti-unitary PCT operator 

0 = U{Rw)Jw , (3) 

where Rw is the spatial 7r-rotation mapping W onto W. 

In Quantum Field Theory, the Bisognano-Wichmann property pertains to the standard 
subspaces ^(lT)s,a.ll where ^(IF)s.a. is the selfadjoint part of the von Neumann algebra of 
local observables in a wedge. It was established model-independently for large classes of 
quantum field theories, cf. Sect. 110.31 Because the modular group is characterized by the 
KMS property, its physical meaning is that the vacuum state is a KMS state for the boost 
subgroup, when restricted to the algebra of a Rindler wedge; in other words, the restriction 
of the vacuum state is a thermal state for the geodesic observer on the Rindler spacetime. 
By this feature it is closely related to the Hawking-Unruh effect. We therefore believe the 
Bisognano-Wichmann property to be of a most fundamental character, and refer to the hnal 
comment 110.31 and to m for a discussion of this important point. 

Modular localization. The paper [4] provided a canonical construction of a local net Hjj of 
standard subspaces on the wedge regions of the Minkowski spacetime associated with 
any unitary, positive energy, representation U of the Poincare group (with anti-unitary PCT 
operator 0). 0ne defines and Jw by the equations ([2]), ([3|), then sets Sw = Jw^w 
and 

Hu{W) = {ie'H-.Swi = i]. (4) 

Isotony of the assignment W i— Hu(W) (i.e., Hjj{Wi) C Hjj{W 2 ) whenever Wi C W 2 ) 
follows from positivity of the energy. Moreover Hu is local (or twisted-local if we consider 
representations of the cover of the Poincare group), indeed Hjj is wedge dual: Hu{W') = 

Hu{wy. 

This construction is intrinsic, depending only on the representation U without reference 
to a quantum held. By construction, Hjj satishes the Bisognano-Wichmann property. 

Notice that any net W 1 —)■ H{W) on wedges dehnes closed, real linear subspaces asso¬ 
ciated with any region X that is contained in some wedge: 

H{X)^ f| H{W). (5) 

Obviously, these dehnitions respect isotony {H{Xi) C H{X 2 ) whenever Xi C X 2 ), and 
locality. 

If H[0) is cyclic for double cones O, then H{W) dehned by additivity from the double 
cones coincides with the original H[W) (assuming the Bisognano-Wichmann property). 

A general result [1] shows furthermore that Hu{C) dehned as in ([5]) from the canonical 
net dH) is standard for spacelike cones C £ C, for every representation U. 

If 17 is a representation with hnite spin/helicity, then the modular localization subspace 
Hu{X) as in (l5|) agrees with the standard subspace H^{0) dehned by the free held one- 
particle construction recalled above, therefore Hu{0) is standard for any double cone O, and 
in this case we explicitly see how the space H{X) of particle states localized in a bounded 
region X is cyclic. 

We should also comment that the paper [3] deals with the bosonic case (true representa- 
tion of 'P_l_), however the fermionic case can be treated analogously with usual modihcations 
(and quantization on the anti-symmetric Fock space). 
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Infinite spin particles cannot be localized in bounded regions. As recalled, in Wigner’s clas¬ 
sification of unitary, positive energy, irreducible representations of the Poincare group [34], 
massless representations fit in two classes, the ones with finite spin (helicity) and the ones 
with inhnite spin, according to the representations of the “little group”, the double cover 
E{2) of the Euclidean group of the plane E{2). 

Let [/ be a massless representation with infinite spin; the space Hu(C) was shown to be 
standard (cyclic) for spacelike cones but it remained open whether there are non-zero vectors 
localized in bounded regions [T2|. Generalized (stringlike) Wightman fields associated with 
U were later constructed [27], but the above localization problem remained unsettled. 

We shall show here that Hu[X) is trivial if X is bounded, say X = O a, double cone, 
namely 

Hu{0) = f| Hu{W) = {0} . 
wsvudo 

Quantum Field Theory, I. An immediate consequence is that the free held net A of local 
von Neumann algebras associated with a representation U of 'P_J_ with inhnite spin is well 
dehned, the vacuum vector is cyclic for A{C) if G is a spacelike cone, but A{0) = C • 1 if O 
is a double cone: there is no non-trivial observable localized in a bounded spacetime region. 

It also follows that there are no compactly localized observables on the same Hilbert 
space that are relatively local w.r.t. the inhnite spin free held net. The absence of such 
observables was recently also demonstrated within an explicit held theoretic ansatz |18j . 

An important more general corollary is that, if B is any (Fermi-)local net of von Neumann 
algebras on a Hilbert space, covariant under a unitary positive energy representation U 
of the Poincare group, with the vacuum vector being cyclic (Reeh-Schlieder property) for 
double cone algebras, then no inhnite spin representation can appear in the irreducible direct 
integral decomposition of U (up to measure zero), provided that B satishes the fundamental 
Bisognano-Wichmann property [2]. 

This shows why inhnite spin particles do not appear in a theory of local observables. 
They are however compatible with stringlike localization. At this point it is worth mention¬ 
ing that localization in spacelike cones is natural in Quantum Field Theory, indeed massive 
charges may always be localized in spacelike cones [5|. Low-dimensional non-trivial models 
with trivial local algebras are exhibited in [20] . 

Strategy of proof. Let C/ be a unitary, massless irreducible representation of Vf. The starting 
point is the observation that U is dilation covariant if and only if it has hnite spin. Assuming 
Hu{0) to be standard for double cones O, we infer by the Huygens principle that Hu{V+) is 
standard, where F+ is the forward light cone. By standard subspace analysis, in particular by 
using an analogue of Borchers’ theorem [3l[23], has dilation commutation relations 

with U. So U must have hnite spin. 

Extensions of results. Our results hold in any space dimension s > 2. As is known, if s is 
even the Huygens principle doesn’t hold and we need to work with a corresponding property 
of the wave equation that we haven’t found in the literature. The case s = 2 is peculiar 
as the inhnite spin representations are not “inhnite”, namely they are associated with one¬ 
dimensional representations of the little group. The Fermi case, namely representations of a 
cover of V^, is also studied. We treat the case s = 3 (the physical Minkowski spacetime) in 
detail and add a further section with the necessary analysis in different spacetime dimensions. 
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Quantum Field Theory, II. For interacting theories satisfying the Bisognano-Wichmann 
property, we show that the subspace 13(0)Q (independent of the double cone O) cannot 
carry an inhnite spin representation. Thus, if the theory possesses infinite spin particles, 
then the vacuum vector cannot be cyclic for B{0), where B is the local net of von Neumann 
algebras describing our theory, i.e., the infinite spin particles states cannot be generated 
from the vacuum by operations in bounded spacetime regions. 

Indeed, no inhnite spin particle state can be obtained by adding to B a hnite charge 
localized in a bounded spacetime region. In other words, no inhnite spin representation can 
appear in the irreducible disintegration of the covariance unitary representation of DHR 
sectors of B (with hnite statistics). 

We emphasize that the Bisognano-Wichmann property is essential in the argument, by 
providing a counter-example without this property, in which free inhnite spin particles exist 
with cyclic double cone algebras. 

Thus, at least one (artihcial) way to accomodate New Physics involving observable inh¬ 
nite spin particles would consist in relaxing the Bisognano-Wichmann property - in spite of 
its very fundamental nature. More interesting is the picture fSect. fTOTT) that we obtain when 
we start with a (compactly) local observable net; we have a held algebra net that generates 
a non-trivial but non-cyclic subspace, an interacting theory with inhnite spin particles; this 
structure exactly complies with the picture envisaged in m- 

2 Standard subspaces 

We begin by recalling some dehnitions and results on standard subspaces and their modular 
structures. Further details can be found in |24l I25j . 

A linear, real, closed subspace H of a complex Hilbert space H is called cyclic if H + iH 
is dense in TL, separating if H D iH = {0} and standard if it is cyclic and separating. 

Given a standard subspace H one dehnes the Tomita operator Sh, the closed, anti- 
linear involution with domain H iH, given by Sh ■ ^ + ip ^ + ip, ^,r] £ H. The polar 
decomposition Sh = Jh^h dehnes the positive selfadjoint modular operator Ah and the 
anti-unitary modular conjugation Jh- Ah is invertible and JhAhJh = ^h^- 

Pairs (J, A), where J is an anti-unitary involution and A a selfadjoint positive invertible 
operator s.t. JAJ = A“^ are in 1-1 correspondence with closed, anti-linear, densely dehned 
involutions S = JA^/^ and in 1-1 correspondence with standard subspaces H = Ker(S'— 1). 

If is a closed, real linear subspace of H, the symplectic complement of H is dehned by 

H' p) = 0 V?7 G F} = {iH)^^ , 

where Tr denotes the orthogonal in H viewed as a real Hilbert space with respect to the 
real part of the scalar product. H' is a closed, real linear subspace of H and H = H". 

H is cyclic (separating) iff H' is separating (cyclic), thus H is standard iff H' is standard 
and we have 

O C* 

Dh' — • 

The fundamental properties of the modular operator and conjugation are 

A%H = H, JhH = H' , t£R , 

and 1 1 —)■ A)^ is called the one-parameter unitary modular group of H (cf. [33l [29] ). 
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Let H he a, real linear subspace of % and V a one-parameter group of unitaries on 
such that V{t)H = iL, t S M. V satisfies the KMS condition with inverse temperature 
/3 > 0 on iL if, for every given ^,r] £ H, there exists a function F, analytic on the strip 
{z G C : 0 < < 1}, bounded and continuous on its closure, such that: 

Fit) = {r,,Vm, t£R, 

F{t + i^) = {Vm,rj) , t£R. 

Since the uniform limit of holomorphic functions is holomorphic, it follows that if the KMS 
condition holds on FI, then it holds on the closure H of H. 

Lemma 2.1. [Ml [25] . If H C H is a standard subspace, then t e- ?■ satisfies the KMS 

condition at inverse temperature 1. 

Conversely, if H is a closed, real linear, cyclic subspace of K and V a one-parameter 
unitary group on K with V{t)H = 11, t G R, satisfying the KMS condition on H at inverse 
temperature 1, then H is standard and V{t) = . 

The following lemma is a consequence of the KMS condition for the modular group. 

Lemma 2.2. |231[25]. Let H CK be a standard subspace, and K C H a closed, real linear 
subspace of K. 

//= K,yt £ R, then K is a standard subspace of K, = K + iK and Ah\k is the 
modular operator of K on 1C. If moreover K is a cyclic subspace ofK, then H = K. 

We shall also need the following basic lemma. 

Lemma 2.3. [MIES]- Let H cK be a standard subspace, and U a unitary on K such that 
UH = H. Then U commutes with Ah and Jh- 

The following is the one-particle analogue of Borchers’ theorem [3]. 

Theorem 2.4. [2Tl|25]. Let H cK be a standard subspace, and U a one-parameter unitary 
group on K with positive generator, such that U{t)H C H, t > 0. Then A'^^U(t)Ajf^ = 
U{e-^^H). 

We now want to study the tensor product of standard subspaces. Let H and K be standard 
subspaces of the Hilbert spaces K and 1C respectively, and Sh, Sk the associated Tomita 
operators. Then S = Sh ® Sk is a closed, densely defined anti-linear involution. Therefore 
S = Sm where M = |^ G Dom(S') ■ Sf = is a standard subspace oiIi®lC. 

We define the tensor product of H and K hy H ® K = M; in other words H ® K \s 
defined through the formula 

Sh®k = Sh ® Sk ■ 

Proposition 2.5. If H and K are standard subspaces ofK and 1C respectively, we have 

{H®K)' = H' ®K' . 

Proof. Immediate from the equality 

S(H<sK)' = Sh0k = ® Sk)* = Sh® Sh = Sh'®k' ■ 

□ 
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With H, K real linear subspaces of Ti and JC respectively we denote hy H Q K the real 
linear span of (8) ?7 : ^ & H, r] G K}. 

Proposition 2.6. Let H and K be standard subspaces ofLL and JC. We have: 


H = H QK. 


Proof. H Q K is cyclic since H Q K + iH Q K = {H + iH) © {K + iK), which is dense 
in H © /C. Clearly 0 K is in the domain of Sh © Sk = Sh^k, thus H Q K G H ^ K. 
Now © A^ leaves globally invariant H Q K, hence H Q K. By Lemma [22] we 

conclude that H Q K is equal io H ® K. □ 

By Prop. 12.61 we may equivalently define the tensor product of the closed, real linear 
subspaces H and K oiLL and JChyH0K = HQK. 

Given a family of real linear subspaces Ha ofH, we shall denote by Ha the real linear 
span of the Ha’s. 

Lemma 2.7. Let {Ha} be a family of closed, real linear subspaces ofH. Then 


Proof. 


We have 






□ 


Lemma 2.8. Let {Ha} and {Kh} be families of standard subspaces ofH and JC respectively, 
and suppose both the intersections H = and iL = Lff, to be cyclic. We have: 

H^K = f]{Ha(E)Kb) . 

a,b 

Proof. By Lemma 12.71 we have to show that 

{H ® K)' = Y,{Ha® Kf)' . 

a, 6 


By Prop. 12.51 we have indeed: 


(i7©iL)' = iL'©iL' = ^77'©^iL' = ^iL'©iL' = . 

a b a,b a^b 


□ 
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3 Massless representations of the Poincare group 

For the benefit of the reader, we first deal within the case of the four-dimensional spacetime, 
later extending our results to different dimensions. 

If G is a locally compact group, H C G a closed subgroup, and V a unitary representation 
of H, we denote by Ind/^-'i-G' V the unitary representation of G induced by V. 

The Poincare group is the semi-direct product x of the proper orthochronous 
Lorentz group t!|_ and the translation group where acts naturally on 

The universal cover of is a double cover, isomorphic to SL(2,C). Accordingly, 
the universal cover v\. of V\. is isomorphic to x SL(2,C). 

One can choose the covering map cr ; SL(2, C) —)■ C\, so that a maps the one-parameter 
subgroup a 

a{t) = (^ Q g-t /2 J , tGR, (6) 

to the one-parameter group of boosts in the xs-direction, and a restricts to the usual covering 
map SU(2) —>• SO(3). Explicitly, one identifies a vector x = (xq, xi,X2,X3) £ with the 
matrix Xx = {xlXix 2 defines the Lorentz transformation a (A) G C\. acting on 

X through X„(^A-^x = AXxA*, A G SL(2,C), see [32] , 

The translation group is thus also a normal subgroup of V\. According to the Mackey 
machine (see 133 ), if U is an irreducible unitary representation of then U is induced by 
an irreducible unitary representation Uq of Stab^: 

here the momentum p G is a point in the dual group of the translations (i.e., a character), 
Stabp is the stabilizer of p for the action of on the characters given by the adjoint action 
on their arguments, and Uq\^4 is the one-dimensional representation p. 

Notice that C\ acts naturally on and acts trivially on itself, so one has 

Stabp = X Stabp , 

where Stabp C is the stabiliser of p in acting naturally on (the little group). 
Points p in the same /P)_-orbit give rise to equivalent representations. 

We are interested in a positive energy, massless representation U, thus p G dVj^ the 
boundary of the forward light cone. We assume U is not the identity, thus p 7 ^ 0 and we 
shall choose and fix p = 5 with 

g = (l, 0 , 0 ,l) GaE+ 

{dV+ \ {0} is a £)j_-orbit). 

Then Stabg, the little group of (1,0,0,1), is isomorphic to E{2), the double cover of the 
Euclidean group of the plane E{2)\ 

Q ! ^ : -^, 2 ; G C, |u| = l| . ( 8 ) 
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(9) 


The irreducible representation Uq of Stabp in ([7|) has the form 

Uoig, x) = V{g)q{x) , g e Stab, , x e , 

where V is an irreducible representation of Stabg = B(2) and q is the character of 

Now E{2) is the semi-direct product xi T and an irreducible representation V of E{2) 
fits in one of the following two classes: 

(а) The restriction of V to is trivial; 

( б ) The restriction of V to is non-trivial. 

Irreducible representations of E{2) in class (o) are thus labelled by the integers, the dual of 
T, while irreducible representations in class ( 6 ) are labelled by k > 0, the radius of a circle 
in R^, the joint spectrum of the £'( 2 )-translations. 

We say in case (a) that U has finite spin (or finite helicity); in case (b) that U has infinite 
spin. Therefore an irreducible, infinite spin representation U of V\. has the form 

UK,e = ( 10 ) 

where 14 ,e is given by Q: 

x) = Vi^^e{g)q{x ), g e E{2 ), x e R^, 

with V = is the representation of E{2) in which the spectrum of the translations is the 
circle of radius k > 0, and the rotation by 27r is represented by -|-1 (bosonic case, e = 0 ) 
resp. by —1 (fermionic case, e = ^); so infinite spin representations are labelled by k > 0 
and £ = 0,^. We shall denote by t{z), 2 : G C, the element of E{2) C SL(2, C) given by 



the two translation one-parameter subgroups of £'(2) are R 9 x >->■ t(x), and R 9 y rfiy) 
and we have the commutation relations 

a{t)T{z)a{t)~^ = T{e^z) . (11) 

4 Infinite spin representations are not dilation covariant 

As is known, an irreducible, massless finite helicity unitary representation extends, on the 
same Hilbert space, to a representation of the group of transformations of the Minkowski 
spacetime generated by V\_ and dilations (indeed to a unitary representation of the conformal 
group). We show here that irreducible infinite spin representations are not dilation covariant 
in this sense. We suppress the Bose/Fermi label e which is irrelevant for the issue at hand. 

Lemma 4.1. Let G be a locally compact group, H <Z G a closed subgroup and fi an automor¬ 
phism of G such that I3{H) = H. IfV is a unitary representation of H and U = Ind/f-i^G y> 
then 

U ■ fi = lndHtGV ■ f3o 

where fio = filn- 
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Proof. The lemma follows by the unicity of the induced representation, a consequence of 
the unicity of the measure class of a quasi-invariant Borel measure on H\G. □ 

Corollary 4.2. Let infinite spin, irreducible unitary represen¬ 

tation of V]_, and fi an automorphism of V\. preserving the element q of (the dual of) the 
translation subgroup. Then /3(Stabg) = Stabg and 

Uk- fi = ’ 

where Kg is given by = 14 • /3o with /3o the automorphism of E{2) given by /3 q = /3|stabq 
Proof. This follows from Lemma l4. 11 □ 

We shall say that a unitary representation U of Vf on the Hilbert space LL is dilation 
covariant if U extends to a unitary representation on LL of the group generated by Vf 
and dilations. Namely there exists a one-parameter unitary group D{t) on LL such that D 
commutes with and 

D{t)U{x)D{-t) = U{e^x) , 

for X in the translation group 

Proposition 4.3. Let U be an irreducible, positive energy, unitary representation ofVf. 
Then U is dilation covariant iff U is massless with finite spin. 

Proof. Let 6t the the automorphism of v\. given by St{g) = g if g € T+ and dt{p) = e^p 
if p S We want to show that U is inequivalent to C/ • 4; ^ 7 ^ 0, if is irreducible with 
infinite spin. 

Let then U = 17^ he given by ([7]), namely Lf^,, = 14- We shall show that 

17 ^: * 4 • 

This will prove the Proposition because and ?/«;' are inequivalent if k k'. 

* 1 ' 

Now let at be the lift to Vf of the inner one-parameter automorphism group of Vf 
implemented by the boost in 3-direction, namely a is given by eq. ([6]). Then 

ott{q) = 5t{q) = (e*,0,0,e*) , 

where q = (1, 0,0,1) as above. Thus the automorphisms 

fit = OL-t ■ dt ( 12 ) 

fix q. Since is inner, we have U^, ■ a-t = U^, thus 

U^.dt = U^- a-t ■6t = U^-fit. 

We now apply Corollary 14.21 and see that 

C/k • 4 = 

where k' is given by 

Vk' = ■ fit\E(2) ~ ■ “-iI e(2) ’ 

thus K,' = e~^K by the commutation relation dill) [361 Lemma 4]. □ 
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5 Double cone localization implies dilation covariance 

Let U he a unitary, positive energy representation of the cover V\_ of the Poincare group on 
a Hilbert space H. 

A H-covariant net of standard subspaces % on the set W of wedge regions of the 
Minkowski spacetime is a map 

H :W3W^ H{W) C U 

that associates a closed real linear subspace HiW) with each W G W, satisfying: 

1. Isotony: if Wi C W 2 then ff(Wi) C ff(W 2 ); 

2. Poincare covariance: U{g)H(W) = H{gW), g G 

3. Reeh-Schlieder property: H{W) is cyclic V VP G W; 

4. Bisognano-Wichmann property: 

= U{Aw{-27rt)) , V IP G W ; 

5. Twisted locality: For every wedge VP G W we have 

ZH{W') C H{W)' 

with Z unitary, Z = — ' . 

1 + i 

Due to twisted locality, each H{W) is indeed a standard subspace, so the modular operators 
in Property 4 are defined. 

Here P = U{2tt), the unitary corresponding to a 2tt spatial rotation in the representation 
U, namely P is the image under U of the non-trivial element in the centre of Clearly 
P, hence Z, commutes with U. 

Notice that if U is bosonic (P = 1), then Z = 1, and twisted locality is locality. If U is 
fermionic (P = —1), then Z = —i and H{W') C iH{W). 

Lemma 12.21 then implies twisted duality for wedges: 

H{W') = ZH{W)' . 

Starting with a [/-covariant net Lf on W as above, one gets a net of closed, real linear 
subspaces on double cones O defined by 

H{0)^ f| H{W). (13) 

Note that H{0) is not necessarily cyclic. If H{0) is cyclic, then 

H{W) = Y, H{0) 

ocw 

by Lemma l2.21 

The following proposition is proved in [4], {ii) (i), and in m, (i) (ii), for nets 

of von Neumann algebras; yet the same argument gives a proof in the standard subspace 
setting. 
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Proposition 5.1. [H[T^. Let H be a U-covariant net of standard subspaces of Li as above 
(properties 1-5). The following are equivalent: 

(i) H{C) = H{W) is cyclic for all spacelike cones C; 

(ii) U extends to an (anti-)unitary representation tj ofV^ on LI and H is the canonical 
net associated with U (eg. QJ. 

Thus (in even spacetime dimension), with the above cone cyclicity assumption, there is an 
anti-unitary PCT operator. 

The following proposition ensures a variant of the Reeh-Schlieder property. If O, O are 
double cones, we write O ^ O if the closure of O is contained in the interior of O. 

Proposition 5.2. Let LL{0) be defined as above in (fT^ . with U irreducible. If H{0) {0} 

for some double cone O, then H{0) is cyclic for every double cone O O. 

Proof. Let O <s O be double cones with H{0) {0} and ^ a vector orthogonal to H{0). 

We can find a 5 > 0 s.t. x O C O, so 

fix) = {^,U{x)Zri)=0, 

for |x| < 5 and r] € H{0), where U{x) is the unitary translation by x. By positivity of the 
energy, / has an analytic continuation on the tube — iV~^. Since f{x) = 0 on an open 
subset of the boundary, by the Edge of the Wedge theorem / is identically zero. Thus ^ is 
orthogonal to all translates H{0 -L x). 

We consider now a wedge IT D O and the corresponding boost one-parameter group 
Aw- By the KMS property entailed by the Bisognano-Wichmann property, there exists an 
analytic extension of the function h: 

h{s) = {f,,U{Aw{2Trs))Zr]) , 

on the strip {z £ C : 0 < 3=2 < 1}. Because O (s O, h{s) is zero for small real values of s. 
Thus the whole extension of h has to be zero. It follows that 

e T H{gO) , ygeVl. 

Now the closed, complex linear span generated by \^H{gO) : g G P+} is a [/-invariant, 
non-zero, closed linear subspace of LI, that must be equal to Li since U is irreducible. Thus 
^ = 0 and H{0) is cyclic. □ 

Lemma 5.3. Assume that U is a massless, unitary representation ofVf acting covariantly 
on a twisted-local net of closed, real linear subspaces on double cones. Let 0i,02 be double 
cones with O 2 in the timelike complement ofOi, then 

H{02) C ZHiOi)' . 

Proof. Let Or be the double cone of radius r > 0 centred at the origin, namely Or is the 
causal envelope of the ball of radius r centred at the origin in the time zero hyperplane. 
Consider the two point function 

f{x) = {i,U{x)Zri), i,r]eH{Or). 
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Then □/ = 0, namely / is a solution of the wave equation, since the Fourier transform of 
/ (w.r.t. the Minkowski metric) is a measure with support in (9V+. In particular □9‘/ = 0. 
Now ^f{x) = 0 if X e 02^, because Or + x C Or- Thus, by the Huygens principle for 
solutions of the wave equations, also 9/(x) = 0 if x belongs to the timelike complement of 
02r- Thus H{Or + x) C ZH{Or)' for such X, namely for x such that O,. + x is contained in 
the timelike complement of Or- This entails the thesis as r > 0 is arbitrary. □ 

Proposition 5.4. Let U he a massless representation ofV^., acting covariantly on a net H 
of standard subspaces on wedges satisfying properties 1-5. If H{0) is cyclic for some double 
cone O, then U is dilation covariant. 

If U is irreducible, the same conclusion holds by assuming that II{0) / {0} for some 
double cone O. 

Proof. Let H{V+) be the closed, real linear subspace generated by 11(0) as O runs in 
the double cones contained in I + , and similarly for H{V-). H{V^) (and HiV-)) is cyclic 
as it contains a cyclic real linear subspace II[0) by assumptions (if II[0) is cyclic, all its 
translated are cyclic). Since II{V+) C ZH{V-)' by Proposition 15.41 II{V+) and II{V-) are 
also separating, hence standard subspaces. Set 

D(27rt) = , teR. 

Then, by Lemma 12.31 D{t) commutes with U{g) if g is in the Lorentz group, because 
gV+ = F+, so U{g)H{V+) = H{V+). 

Thanks to positivity of the energy, the one-particle version of Borchers’ theorem (Thm. 
applies to all one-parameter groups of timelike translations. Since the latter generate 
all translations, we conclude that D{s) scales the translations: 

D{s)U{x)D{-s) = U{e^x) , s G M , 

if X is in the translation group. Thus U is dilation covariant, with dilation unitaries D{t). 
The statement for U irreducible then follows immediately by Prop. 15.21 □ 


6 Infinite spin states are not localized in bounded regions 

We give here our main result. 

Theorem 6.1. Let U he an irreducible unitary, positive energy, massless, infinite spin 
representation ofV\^ on a Hilbert space H, and H : W 3 W i —> HiW) gH a U-covariant 
net of standard subspaces satisfying properties 1-5. Then 

H{0) = f| H{W) = {0} , (14) 

for every double cone O G O. 

Proof. If H[0) 7 ^ {0} for some double cone O, then by Proposition 15.41 1/ must be dilation 
covariant, which is not possible by Proposition 14.31 □ 

The consequences of this theorem in Quantum Field Theory will be discussed in Section [9j 
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7 A counter-example 


In this section, we are going to see how dilation covariance and the double cone Reeh- 
Schlieder property for infinite spin (reducible) representations may both hold if the Bisognano- 
Wichmann property fails. We shall indeed show that a multiple of the direct integral 

Ui^dn 

over all irreducible representations of V\. of infinite spin k is dilation covariant and admits 
a local covariant net of standard subspaces, cyclic on double cones. Similar examples were 
put forward in [28l |35] . 

For the sake of the example, it is sufficient to consider representations V of SL(2, C) that 
factor through i.e., V{1) = V{—1). Namely, R is a true representation of C\. Since 
the choice of the pre-image of the covering map a does not matter in true representations, 
we shall identify A G SL(2, C) with a(A) G C\, in this section, and again suppress the 
corresponding label e = 0. 

The subgroup ^^(2) C SL(2,C), the pre-image of E{2) through <7, is given by ([5]). 

Let Uq be the unitary, massless, zero helicity, representation of the Poincare group and 
V a real unitary representation on the Hilbert spaces fi and JC respectively. With J 
an anti-unitary involution on fC commuting with V, the vectors fixed by J form a standard 
subspace K oi K, and V{C\)K = K, Jk = J, Ak = 1. In particular the constant net of 
standard subspaces K{W) = K is H-covariant. 

We consider H as a representations of V\. where the translation group acting identically. 

Consider the following net of standard subspaces of /C (8) "R 



Hi :W 3W ^ Hi{W) = K(^ H{W) cJC^H 


where H = is the canonical net associated with Uq. There are two unitary representa¬ 
tions of the on 1C 

Uv^V®Uq 


and 

Ui = I ®Uq , 

where I is the identity representation of V\. on 1C. Clearly Uy and Uj are massless repre¬ 
sentations, as the energy-momentum spectrum is that of Uq. 

Hi is the canonical net associated with Ui. The net Hi is both C/y-covariant and 
I7/-covariant. Only Ui satisfies the Bisognano-Wichmann property as, by Lemma 12.61 the 
modular operator of iF (8) H{W) is 1 0 /S.inyyy Then by Lemma [T8l 


Hi{0) = n HiiW) = K® f] H{W) 
vfdo wdo 

is cyclic, since CIwdO cyclic in H. 

So we have shown the following. 

Proposition 7.1. The net Hi of standard subspaces is local, Uy-covariant, and cyclic on 
double cones. Uy decomposes into a direct integral of infinite spin representation. Uy does 
not satisfy the Bisognano-Wichmann property. 
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We notice that the canonical net Hy associated with Uy is not covariant under the repre¬ 
sentation U]. 

We will now show that Uy decomposes in a direct integral of infinite spin representations 
if V does not contain the trivial representation. 

Let V"+\{0} 3 p ^ Bp ^ C\_ be a continuous map, with Bp a Lorentz transformation 
mapping q = (1,0,0,1) to p. 

We can identify as usual the elements of T-L with L^-functions on (9V+ \ {0} w.r.t. the 
Lorentz invariant measure, thus elements oi K.® H with /Co-valued L^-functions. 

The following unitary operator 

IC'Si'H B {p'-B 4>{p)) I —)• {p>-B V {Bp^)(j){p)) G /C (g) 

intertwines Uy with the representation Uy given by 

([/(.(a, A)4>) ip) = U’^-PViBp^AB^-^pmA-^p), (15) 

Since B~^ABy^-ip G Stabg = E(2) we may consider the irreducible disintegration of 1 ^|e( 2), 
then Uy, thus Uy, will accordingly disintegrate. 

Since SL(2, C) is a simple, connected, non-compact Lie group with finite centre, the van¬ 
ishing of the matrix coefficients theorem by Howe-Moore [37] ensures that limg_>.oo(C, ^( 5 ) 7 ) = 
0, for all G JC, ii V does not contain the identity representation. 

Lemma 7.2. Let V be a unitary representation of Cf not containing the identity rep¬ 
resentation. Then V\e( 2 ) *5 « multiple of Vf^dn, where is the unitary irreducible 
representation of E{2) with radius k. 

Proof. By the vanishing of the matrix coefficients theorem, there is no non-zero vector 
fixed by V • r, thus no radius zero representation appears in the irreducible direct integral 
decomposition of V\e( 2 ), namely V\e( 2 ) = /r where m{K) is the multiplicity 
function and /i is a Borel measure on M_|_. 

The one-parameter subgroup ol of SL(2, C) given in ([8|) acts as dilation on the translations 
r, eq. m, thus 

r© rffi r® 

^\e{2) = / m{K)Vf,dpL{K) = / m{K)Vet^dp{K) = / m{e~^ K)Vi.,dpt{n) (16) 

1/ M. 1/IR. 1/ M 

where pti^) = p{e~^K), and this implies that pt is equivalent to p (thus p is equivalent to 
the Lebesgue measure) and m constant /x-almost everywhere. □ 

The following Proposition is a consequence of the above Lemma. 

Proposition 7.3. Uy is a multiple of Ui^dn, where U^ is the infinite spin, radius k 
representation ofVf. 

Proof. One considers the disintegration of P|e( 2 ) obtained in Lemma 17.21 and concludes 
the thesis by formula (1151) . □ 
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8 Extensions to spacetime dimension s > 2 

In this section we are going to extend Propositions I4..SI and 15.41 and hence also Theorem 
16.11 in any spacetime dimensions s > 2. 

8.1 Dilation covariance 

We begin by discussing the dilation covariance property. 

The proper Lorentz group is £+ = T+(s) = SO(l, s), i.e., the group oi dxd real matrices 
A preserving the Minkowski metric (1, — 1,... , — 1). T+ has two connected components and 
we denote by the connected component of the identity. 

is not simply connected when s > 1. Any element in is the product of a rotation 
and a boost, so C\_ is homotopy equivalent to SO(s), whose first homotopy group is Z 2 if 
s > 2 and Z if s = 2 (see [19|i. Therefore the universal covering of is a double 

covering for s > 2, whereas it is an infinite sheet covering if s = 2. We shall thus treat the 
case s = 2 separately. 

The proper orthochronous Poincare group V\. = V^^s) is the semi-direct product of 
X with the natural action of C\. on 

We shall consider unitary representations of the universal covering group V\. = x 
as they correspond to the projective unitary, positive energy representations of 
We are interested here in an irreducible, positive energy, massless representation U of 
V\. We choose and fix the point g = = (1,0,..., 0,1) in the Lorentz orbit (9Vi|_\{0}. If 

U is non-trivial, then U is associated with a unitary, irreducible representation of the little 
group of q, by inducing representations as in Sect. [3l 

The little group of g, namely the stabiliser subgroup of for the action of on 
is isomorphic to E{s — 1), the double cover of the Euclidean group E{s — 1) on s > 2, 

i.e., E{s — I) is the semi-direct product x SO(s — 1). If s = 2, the little group is the 
abelian group M. We now assume s > 2, afterwords we shall indicate the modifications in 
the s = 2 case. 

Every unitary representation V of E(s—1) = x SO(s—1) is now induced by a unitary 
representation of the stabiliser of a point in (for the adjoint action of E(s — 1)). Points 
in the same orbit give equivalent representations. The orbits in under the natural 

SO(s — 1) action are spheres of radius k > 0. Such radii define inequivalent classes of 
unitary representations. As in the 3 -|- 1-dimensional case, there are two cases: 

• the restriction P|]rs-i is trivial (k = 0); 

• the restriction P|]rs-i is non-trivial (k > 0). 

If U is associated, by induction, with a representation V of the little group E(s — 1) with 
K = 0 we say that U has finite helicity, in the case k > 0 we say that U has infinite spin. 

With V an irreducible representation of E{s — 1) of radius k > 0 as above, s > 2, the 
joint spectrum of the E{s — l)-translation generators is the sphere in of radius k. 

Therefore 

spec (il/(A)) = [—K, k] (17) 

where X is any generator of the E{s — l)-translations and V{X) the corresponding trans¬ 
lation generator in the representation V. 

We show now that infinite spin representations are not dilation covariant; 
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Proposition 8.1. Let U be an irreducible, positive energy, unitary representation ofV^{s), 
s>2. Then U is dilation covariant iff U is massless with finite spin. 

Proof. We have seen in Proposition 14.31 in the case s = 3 that 


Pt{X) = e-^X (18) 

where /3t, the automorphisms of defined in (|12p . here acting on the Lie algebra of V'\_, 
and X is a translation generator on the Lie algebra lie(i?(2)). 

Now assume s > 3. The inclusion V\_{3) C P+(s) restricts to an inclusion E{2) C S(s—1) 

d* 

hence we have inclusions of Lie algebras lu{E{2)) C [ie(S(s — 1)) C [ic(P|). 

We consider the automorphisms fdt of P+(s) analogously defined w.r.t. the zero and s 
coordinates (the natural extension of fit from P+(3) to V^{s), we keep the same notation). 

Let now U be an irreducible, positive energy, massless, unitary representation U of V\{s) 
with infinite spin k > 0. Then U is associated as above by induction with an irreducible 
representation V of the little group E(s — 1) of radius k. As in Proposition 14.31 we have to 
show that V ■ is a representation of radius e~^K. 

Indeed, due to the relation (fT 8 ]) . with X G [ie(ii^(2)) C lie(£^(s — 1)) we have 

spec(iV(X)} = [—e~^K,e~*K] (19) 

so [/ is not dilation covariant by the above comment. 

An analogous discussion shows that finite helicity representations are dilation covariant. 
The case s = 2 is discussed here below. □ 

Case s = 2. In 2 + 1 spacetime dimensions, the Lorentz group T+(2) is isomorphic to 
SL(2,]R)/{1, —1}. The little group of the point q = (1,0,1) is ]R, which is simply connected, 
and lifts uniquely to a one-parameter subgroup of the universal (infinite sheet) cover T+( 2 ). 
The pre-image of the little group in T+(2) is thus isomorphic to M x Z, with Z the centre 
of £+( 2 ). 

The irreducible representations of the little group M x Z are thus one-dimensional, given 
by a pair (k, z) where n belongs to M (the dual of M) and z G T (the dual of Z). 

Denote by the representation of P+(2) associated with the representation {k,z) 
of the little group. In analogy with the higher-dimensional case, we say that a unitary 
representation Uk,z of V^{2) has ^Hnfinite spin" if k 7 ^ 0. Yet, in this case, the name 
“infinite spin” does not refer to any infinite-dimensional representation. 

Again, equation (fTHI) holds, thus the representation (k, z) composed with the restriction 
of ft to the little group is equal to {e~^K.,z). It follows that Uk,z is dilation covariant iff 

K = 0. 

We also notice that the conjugate representation of {k,z) is (—k, z), thus extends to a 
(anti-)unitary representation of ^*+(2), iff k = 0 and z = ±1. The other irreducible massless 
representations of V+ifl) are given by U^^z © U-^^z, with k / 0 or z 7 ^ ±1. 
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8.2 Twisted timelike locality 

The second step consists of showing an analogous of Proposition 15.41 in any spacetime di¬ 
mension s > 2. 

We start with a unitary massless representation U acting covariantly on a net on wedges 
yV 3 W I —> H{W) C Ti s.t. assumptions 1-5 hold. Furthermore, suppose that for some 
double cone, the subspace H{0), defined as in (fT3]i . is not trivial. In this setting the proof 
of Proposition 15.21 straightforwardly extends to every spacetime dimension. 


Case s odd 

When the space dimension s is odd, the Huygens principle holds and the proof of Proposition 
15.41 easily extends in this case. 


Case s even, s > 2 

In this case, timelike commutativity does not hold. Our results hold true, but Lemma 15.31 
necessary to show that H(V+) is separating, needs a variation. 

As is well known, the Huygens principle is not satisfied in odd space dimensions, due to 
reverberations, yet we show here a version of this principle that holds if s is even. 

Let / be a tempered distribution on we define f)(/) by its Fourier transform 

fl(/)(p) = -*sign(po)/(p), 


provided this expression is well defined. 1) is the Hilbert transform with respect to the time 
variable, thus 



(integral in the principal value sense for a continuous function). Clearly, if /i € 
/2 G the convolution product satisfies 


fl(/i * /2) = Hh) = fl(/2) 

If / is a function which is the boundary value of an analytic function on the tube 
/ = 3?/ -|- i^f, then l)(3ft/) = O'/; we assume here that /(O) is defined and equal to zero (to 
rule out the non-zero constants), namely / has zero mean. 

We are interested in the case / is a solution of the wave equation □/ = 0, then also 
□!)(/) = 0. Let A_|_ be the massless, scalar two-point function, namely the Fourier anti¬ 
transform of the Lorentz invariant measure on cII+\{0}. We have (up to a real proportion¬ 
ality constant), see e.g. [15], 

A+(x) = l/\x\^~^ if = Xq — x\ — ■ ■ ■ xl ^ ^ , 

where \x\ = yf—x"^ (with opposite square root determination in V±) and 

A+(x) real, A+(x) = A+(—x) , x spacelike (x^ < 0) 

A+(x) imaginary, A+(x) = — A+(—x) , x timelike (x^ > 0). 

The commutator function 

Ao(x) = A+(x) - A+(-x) 
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vanishes for x spacelike, while the function 

A'o( 3:) = -i(A+(x) + A+(-x)) 
vanishes for x timelike. Notice that we have 

A[, = l)(Ao) . 

Proposition 8.2. Let f be a bounded continuous function on with □/ = 0, and O a 
double cone. If f{x) = 0 for x in the spacelike complement of O, then l)(/)(x) = 0 for x in 
the timelike complement of O. 

Proof. Let h he a smooth function with supp(/i) C O. Then f = h * Aq satisfies □/ = 0 
and /(x) = 0 if X G O'. Moreover 

f)(/) = f)(h *Ao) = h* l)(Ao) = h* Aq 

vanishes on the timelike complement of O. 

Now any smooth function / with □/ = 0 and supp(/) C O can be written f = h* Aq 
as above, hence the proposition holds true for every smooth solution of the wave equation 
/. For a general continuous /, one can approximate as usual / by / * by a smooth 
approximate identity j^, and get the thesis because f)(/ * je) = fl(/) * je- D 


We are now ready to prove the version of Lemma 15.31 in odd spacetime dimensions. 

Lemma 8.3. Let U be a massless, unitary representation of the double cover of the Poincare 
group V\{s), s even, s > 2, on a Hilbert space H. Assume that H is a twisted-local, U- 
covariant net of standard subspaces ofH on wedges. Let Oi, O 2 € O with O 2 in the timelike 
complement of Oi, then 

H{02) C iZH{Oi)' . (20) 


Proof. With Or and f{x) = U{x)Zrj), f,,T] G H{Or) as in the proof of Lemmawe 
have 09/ = 0 and 9/(x) = 0 if x G O^r- 

Thus, by Proposition 18.21 f)(9(/)) = —3ft(/) vanishes in the timelike complement of 02r', 

but 

3?(/)(x) = 9'(i/)(x) = ^i{i,ZU{x)ri) = ZU{x)iT]) 


and we get the thesis. 


□ 


We may now extend Proposition l5.4l in any spacetime dimension. Note that, in the following 
Prop. [831 ths cyclicity assumption for H{0) follows from H{0) 7 ^ {0} by Prop. (51^ 

Proposition 8.4. Let U be a massless representation ofV\_, acting covariantly on a net H 
of standard subspaces ofH, satisfying 1-5, on wedges on the s + 1-dimensional Minkowski 
spacetime, with s > 2. 

If H{0) is cyclic for some double cone O, then U is dilation covariant. 

Moreover the dilation one-parameter unitary group D can be chosen canonically, and 
D{t) G UiVl)", t G R. 
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Proof. H{Vj^), the closed linear span of all spaces H{0) with O C V+, is a standard 
subspace of % by Lemma 18.31 so, by positivity of the energy and Theorem 12.41 the rescaled 

modular unitary group D{t) = implements dilations on [/-translations, and com¬ 

mutes with the Lorentz unitaries by Lemma 12.31 Namely D implements the dilations on 
U. 

Now, by Proposition 15.11 U extends to an (anti)-unitary representation U of V-^ on T-L, 
U maps the reflection around the edge of W to Jh{w)j H(W) = the standard 

subspace associated by U with W. 

Our choice of D is canonical as it is given by modular unitaries. To show that D{t) G 
notice that this trivially holds if U is irreducible. Recall now that hnite helicity 
representations are dilation covariant. Assume hrst that U is an irreducible, hnite non-zero 
helicity h representation of P+, then U restricts to U = Uh® U^h on where Uh is the 
helicity h irreducible representation of P_J_. There is a unitary implementation of dilations 
T(s) which decomposes according to U. As T{s)D{—s) G [/(P+)^ and Uh and U-h are 
disjoint, also D{s) decomposes according to U, and D{t) G U{V^)" holds. 

In the general case with U reducible, U extends as above to a representation U of P+, 
and so the net disintegrates according to U. In particular, L[(V+) and its modular 
unitaries disintegrate according to P and we have D{t) G P(P+)'' as stated. □ 

We note that, by Lemma 12.21 if s is even we have 

H{V+) = iZH{V-)' . 

In particular, if H is local, we have twisted timelike duality H(V+) = and if H is 

purely Femi-local {Z = —i) we have timelike duality L[(V+) = HiV-)'. 

8.3 General result 

We indicate in this section the modihcations that are necessary to extend our results in any 
spacetime dimension s -|- 1 > 3. 

Let P be a unitary, positive energy representation of P+(s) on a Hilbert space P. We 
assume here that a 27r-rotation in space gives a selfadjoint operator T = P(27r), i.e., the 
eigenvalues of T are ±1. In other words P is a representation of the double cover of P+(s) 
which coincides with the universal cover P+(s) if s > 2; and T is the image under P of the 
non-trivial element in the centre of the double cover. 

A P-covariant (twisted-local) net of standard subspaces H is defined as a map 

wb w ^h{w) cn 


as in Section [5l 

Note that the proof Proposition 15.21 does not use the twisted locality property, and is 
valid also here. We have: 

Theorem 8.5. Let U be a unitary, positive energy representation of the cover of the 
Poincare group P+(s), acting covariantly on a net H of standard subspaces of PL on wedges 
satisfying 1-5 as above, s > 2. 
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(o) If H{0) is cyclic for some double eone O, then U does not contain an infinite spin sub- 
representation (namely there is no infinite spin fibre in the irreducible direct integral 
deeomposition). 

(b) If U is irreducible and II{0) ^ {0} for some double cone O, then U is not massless 
with infinite spin. 

(c) If U extends to an (anti-)unitary, irreducible representation U of V+ on H and 
II{0) / {0} for some double cone O, then U does not contain an infinite spin sub¬ 
representation. 

Proof. (6) follows from (a) by Prop. [521 so we prove the statement (a). 

By restricting to the massless component, we may assume that U is massless. By 
Proposition 18.41 U is dilation covariant; U = U\dp,{\) is the irreducible direct inte¬ 

gral decomposition of U, by Prop. (8^ the dilation unitary group D decomposes accordingly, 
D = D\dp,{\), so U\ is dilation covariant for ^-almost all A. Thus U\ has not infinite 

spin by Proposition 18.11 

(c): Either U is irreducible, and we apply (6), or U is the direct sum of two irreducible, 
inequivalent representations of Vf, U = Ui ® U 2 on Hi ® 'H 2 - In this case, let JC G H be 
the complex Hilbert subspaces generated by H. Then JC is [/-invariant. If /C = ^ we apply 
(a). Otherwise U\!c = Ui (or [/|^ = U 2 ). Then II{0) is cyclic on K, for some double cone 
as in Prop. 15.21 so Ui extends to an (anti-)unitary representation of V+ on Hi [H]; thus 
U is easily seen to be reducible, contrary to our assumption. Therefore JC = H, and the 
conclusion follows from (a). □ 


9 Quantum Field Theory: Nets of von Neumann algebras 

In this section the Minkowski spacetime dimension is s > 2. 

Given a positive energy (anti-)unitary representation of the proper Poincare group on 
a Hilbert space H, the paper [4] provides a canonical construction of a [/-covariant local net 
of standard subspaces of H on wedges with the properties 1-5. Similarly, this construction 
gives a twisted-local canonical U covariant net if one considers a representation U of the 
the universal cover P_|_. The above Theorems 16.1118.51 apply to this net, hence to the net 
of von Neumann algebras obtained via second quantisation on the Bose/Fermi Fock space, 
depending on U{2tt) = ±1. 

A twisted-local, [/-covariant net of von Neumann algebras on wedges J- is an isotonous map 

W ^ F{W) 

that associates a von Neumann algebra F(W) on a fixed Hilbert space H with every W € >V, 
with the following properties: 

• Poineare covariance: U{g)F{W)U{g)* = F{gW), S 

• Vaeuum with Reeh-Sehlieder property: there exists a unique (up to a phase) U -invariant 
vector Pi & H and F{W) is cyclic on PL for all W G W; 
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• Bisognano-Wichmann property. 

A*^ = [/(AH/(-27rt)), WGW, 

where Aiy is the modular operator of (J^(Vh),r2); 

• Twisted loeality. For every wedge PF G W we have 


zT{yv')z* c Tiyv)' 


where Z is unitary and Z 


1 + ir 
1 + i ’ 


T = U{2tt) as above. 


Due to twisted locality, D is indeed also separating for each so the modular operators 

A]y are defined. 

Given iF as above, we dehne the von Neumann algebra associated with the region O as 


f| T{W). 

W3WDO 


( 21 ) 


A twisted-local, U covariant net O i —> F{0) on double cones is analogously defined, by 
requiring the G-covariance and the cyclicity of the algebras F{0). Then FiW) is defined 
by additivity and W i— F{W) is a twisted-local, [/-covariant net on wedges. The von 
Neumann algebras T'(O) dehned by (j21|) are, in general, larger than the original T'(O) (they 
define the dual net). 

The free Bose (resp. Fermi) field net J-± is dehned by second quantization on the 
symmetric/anti-symmetric Fock space F±('H) as 

F±{W) = R^{H{W)) , WeW, 

where H = Hu is the canonical net of standard subspaces of the one-particle Hilbert space 
H associated with the unitary representation U of the cover of Poincare group with U (27r) = 
±1, and R±{H{W)) are dehned as follows. 

With TL a Hilbert space and H (ZH a. real linear subspace, R±{H) is the von Neumann 
algebra on F±{'H) generated by the CCR/CAR operators: 

R+iH) = {w(0 : C G H}", R.iH) = {T(0 : ? e H}" , (22) 


with w(^) the Weyl unitaries on F+('R) and 'I'(0 the Fermi held operators on F_('R). 

Note that, by continuity, 

R±{H) = R±{H) . 

Moreover the vacuum vector D is cyclic (resp. separating) for R±{H) iff H is cyclic (resp. 
separating). 

If H is standard, we denote by S^, J^, the Tomita operators associated with 
{R±{H),Q), and by r±{T) the Bose/Fermi second quantization of a one-particle operator 
T on TL, dehned by tensor products on F±('R). 

This assignment (j22h respects the lattice structure, as originally proven in [T] (Bose case) 
and [To] (Fermi case). The modular operators were computed in [^ I211[T0] . For convenience, 
we state these properties in the following proposition with a sketch of proof. 

Proposition 9.1. Let H and Ha be closed, real linear subspaces ofH. We have 
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{a^) s+ = r+{SH), J+ = r+{jH), A+=r+{AH), 

{a_) S], = zr_{iSH), JH = zr_{iJH), Ajj = r_{AH), 

{b) R+{Hy = R+{H') and R-{Hy = ZR_{iH')Z*, 

(c) R±{T.aHa) = \JaR±{Ha), 

(d) R±{naHa)=r]aR±iHa), 

where \J denotes the von Neumann algebra generated, Z = 1 (resp. Z = —i) on the n- 
particle subspaee, n even (resp. odd), and H is standard in (a±). 

Proof. (o±) Sjj = r^{SH) due to the relation = w{—^)Q (see [H]), while Sjj = 

Zr_{iSH) due to the relation = ^(^n) • • • ^(6)^(6)^^, ^ ^ H, 

with n the Fock vacuum vector (see m)- By the uniqueness of the polar decomposition, 
we then have = r^{JH), Jjj = ZR-yUn) and = r±{AH). 

(b) Assume first that H is standard. By (a) we have 

R+{Hy = J+R+{H)J+ = R+{JhH) = R+{H') , 

R-{Hy = Jj^R_{H)Jjj = ZR_{iJHH)Z* = ZR_{iH’)Z* . 

Now (6) trivially holds for H = % or H = {0} too. To prove {b) for a general closed real 
linear subspace H oi R, we may decompose R in the direct sum R = "H-i © Rq (BRi, 
where Ri = and R-i = H r\ iH. Then H decomposes as H = H-i © Hq © Hi with 
= R-i, Hi = {0} and Hq a standard snbspace of Rq, and the statement follows at 

once. 

(c) is an immediate consequence of the Weyl relations w(^ + r/) = e“^^^’’^W(^)w(r/) (Bose 
case), the real linearity of T (Fermi case), and (a). 

(d) now follows easily from (6) and (c). □ 

We state now the following consequence of Theorems 16.1118.51 for free fields. 

Corollary 9.2. Let T± be the free Bose/Fermi field net of von Neumann algebras on wedges 
associated with a positive energy, infinite spin, irreducible unitary Bose/Fermi representa¬ 
tion ofvl gy. 

Then iF{C) is cyclic on the vacuum vector if C is a spacelike cone, but F{0) = C • 1 */ 
O is any bounded spacetime region. 

Proof. Immediate by Theorem 16.11 the results in [2], and the fact fTheorem 19.ip that the 
intersection of closed real linear spaces of the one-particle Hilbert space corresponds to the 
intersection of the associated von Neumann algebras on the Fock space: 

n R±{W)^ f| R±{H{W))=R±{ f| H{W)) 
wdx wdx wdx 

for X = (7 a cone, resp. X = O a double cone. □ 

The following theorem shows why infinite spin representations do not occur in a theory of 
local observables. 

We shall say that a unitary representation U of V\_ has infinite spin if 17 is a direct 
integral of irreducible, infinite spin representations. Thus U does not not contain an infinite 
spin sub-representation iff no infinite spin representation appears in the irreducible direct 
integral decomposition of U (up to a measure zero set). 
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Theorem 9.3. Let T he a twisted-local net of von Neumann algebras J~{0) on double cones 
on a Hilbert space H, covariant w.r.t. a unitary representation U ofV\. with vacuum vector 
Ll G H. As above, we assume the double cone Reeh-Schlieder property and the Bisognano- 
Wichmann property. 

Then U does not contain an infinite spin sub-representation. 

Proof. For every wedge PF G W we set 

H{W) = J'(PF)s.a O , 

where F{W)s.e,. is the selfadjoint part of FiW). By assumptions, H : W i—)■ H{W) is then 
a twisted-local, U-covariant net of standard subspaces of H satisfying Properties 1-5. 

With O a double cone, we have that 

H{0)= f| H{W)DFiO)s...n 

W3Wz:iO 


is cyclic. 

We thus infer from Theorem 18.51 (a) that [/ does not contain an infinite spin sub¬ 
representation. □ 

We now start with a local net A of von Neumann algebras on double cones, with the double 
cone Reeh-Schlieder property and the Bisognano-Wichmann property. Let 

0€0 

(norm closure) be the quasi-observable C'*-algebra. We shall say that a representation vr of 
21 is cone localizable if, for every spacelike cone C, is unitarily equivalent to id| 2 i(c')) 

where 21(17) is the C^-algebra generated by A{0) as O runs in the double cones contained 
in C. Similarly vr is double cone localizable if T^\y^[o') — id|2t(0')) for &il double cones O. 

A Doplicher-Haag-Roberts (DHR) (resp. a Buchholz-Fredenhagen) representation [TJ [5] 
is a Poincare covariant representation with positive energy, which is double cone (resp. cone) 
localizable. (Poincare covariance with positive energy follows by general assumptions |llj). 

Theorem 9.4. Let n be a DHR representation of 21 with finite statistics Then the 
unitary representation Ut^ ofV\. in the representation vr does not contain infinite spin sub¬ 
representations. 

Proof. By considering the dual net, we can assume Haag duality for double cones. We 
consider the Doplicher-Roberts twisted-local field net F. We have A{0) C F{0) and the 
restriction of the vacuum representation of W to is the direct sum (with multiplicity) of 
all DHR representations of A with finite statistics. 

The representation Ujr of P_[_ restricts accordingly to the representations of A. Thus we 
have to show that Lfjr does not contain an infinite spin sub-representation. This will follow 
from Theorem 19.31 once we show the Bisognano-Wichmann property. Now the Bisognano- 
Wichmann property for is a consequence of the Bisognano-Wichmann property for A as 
one can identify the Connes-Radon-Nikodym cocycles, see [23l[l6]. □ 
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As a consequence, let vr be a Poincare covariant representation of 2t. If tt contains infinite 
spin particles (i.e., 17^ contains an infinite spin sub-representation) then: 

TT is localizable in a double cone vr has infinite statistics. 

This indicates an intimate relation among inhnite spin, infinite statistics and localization in 
inhnitely extended regions. 

10 Final comments 

10.1 Field algebra structure 

We now describe the held algebra structure that we obtain starting from the observable 
algebra and adding all charges with hnite statistics, including the ones with inhnite spin 
(space dimension s > 2). 

Let .4. be as a above a local net with the double cone Reeh-Schlieder property and the 
Bisognano-Wichmann property. Let T be the family of all irreducible representations, up 
to unitary equivalence (sectors), of 21 of Buchholz-Fredenhagen type with hnite statistics. 

The Doplicher-Roberts construction [8] yields a held net F of von Neumann algebras on 
a larger Hilbert space with F{C) D A{C) for every cone C, and the identity representation 
of A on the Hilbert space of F decomposes into the direct sum of elements of T, with 
multiplicity. 

By the spin-statistics theorem [12], T" is a twisted-local net. If inhnite spin sectors exist, 
then by Theorem 19.31 .TfO) cannot be cyclic on the vacuum vector if O is a bounded region. 
If one restricts F to the cyclic Hilbert space generated by F(0), one gets the held algebra 
associated with DHR charges. We discuss a physical interpretation of this structure in the 
outlook. 

We mention also that, in two space dimensions, cone localizable representations may 
have braid group statistics. If we consider only those ones with Bose or Fermi statistics, 
then the above held algebra description still holds (the spin-statistics theorem in 2 -|- 1 
dimensions is treated in [22]). However, with general statistics, no held algebra exists that 
describes an analogue of the above picture. 

10.2 de Sitter spacetime 

If 4. is a local net on spacelike cones of the Minkowski spacetime one can associate 

a local net B on double cones of the s-dimensional de Sitter spacetime dSg (and similarly 
in the twisted-local case). As usual, one views dSg as an hyperboloid of which is the 

manifold of spacelike directions of Minkowski spacetime. With E any region of dSg, one sets 
B{E) = A{Ce), where Ce C is the spacelike cone with apex in the origin spanned by 
E. 

This construction has been made in [3]. In particular, in the free held case (hnite 
or inhnite spin), one gets the canonical modular construction on dSg associated with the 
restriction of Poincare unitary representation to the Lorentz subgroup. 

We emphasize here that the de Sitter picture is natural in the presence of inhnite spin 
particles. These particles have no bounded spacetime localization on the Minkowski space- 
time, yet they are localized in bounded spacetime regions of the de Sitter spacetime. 
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10.3 The role of the Bisognano-Wichmann property 

In this paper, we rely on the Bisognano-Wichmann property as a first principle (cf. |lllll2j ). 
so we briefly comment here on its roots. 

The Bisognano-Wichmann property implies the positivity of the energy (see 0), and is 
slightly stronger than that; it reflects the stability of the vacuum state. It always holds in a 
Wightman theory [2], including string localized fields m- In the local algebra framework 
one can find a counter-example (see Sect. ED, that has however a pathological nature (with 
continuous degeneracy) and is built on the non-uniqueness of the covariance unitary repre¬ 
sentation of the Poincare group: if one chooses the wrong (non-canonical) representation, 
one obviously violates the Bisognano-Wichmann property. So we may expect the latter to 
always hold when the Poincare representation is unique, say by assuming the split property. 

In a massive theory, the Bisognano-Wichmann property can be derived by asymptotic 
completeness [2^ . It always holds in the conformal case. It is equivalent to a sub-exponential 
growth estimate on the energy density levels of localized states for the Rindler Hamiltonian, 
namely (^, < oo for all vector states ^ localized in a given cone C contained in a 

wedge W, with K the generator of the unitary one-parameter group of boosts associated 
with W [T3] . 

A further argument for the Bisognano-Wichmann property is its mentioned equivalence 
with the Hawking-Unruh effect for Rindler black holes m (the Hawking temperature is the 
KMS temperature). An illustration of this fact goes beyond the purpose of this paper and 
we refer to the book m for more insight on this point and related aspects. 

11 Outlook 

Infinite spin particle states cannot be localized in a bounded spacetime region. This corre¬ 
sponds to the fact that no local observables exist that can generate these states from the 
vacuum. These results, obtained in the present paper in the Operator Algebraic intrinsic 
setup [4], extend the no-go theorem on local fields with infinite spin obtained previously in 
the Wightman setting |36j . The string-localized free fields constructed in m, that corre¬ 
spond to and generate the von Neumann algebras in [4], cannot thus be compactly localized. 

As described in Sect. IIP.II our results provide the following picture in a theory of local 
observables. 

A quantum field theory on a Hilbert space including infinite spin states is described by 
a net W i—)■ J-{W) of von Neumann algebras for wedge regions, and the vacuum vector is 
cyclic for the von Neumann algebras for spacelike cones (defined by intersections of wedge 
algebras), and has the Bisognano-Wichmann property. The algebras for double cone regions 
are non-trivial, forming a covariant subnet O i—?■ A{0), but the vacuum is not cyclic for 
.4,(0). The full Hilbert space therefore splits into representations of A, with the infinite spin 
states absent from the vacuum representation. The representations containing the infinite 
spin states are massless sectors of the Buchholz-Fredenhagen type, i.e., localized in spacelike 
cones, and the net J- serves as a field algebra for these sectors. This picture complies with 
the scenario proposed by Schroer m with a hindsight on “dark matter”. 

One may reasonably expect that A contains local generators of Poincare transforma¬ 
tions, i.e., a stress-energy tensor subnet (which could couple to gravity). As infinite spin 
states are localized in spacelike cones, their Lorentz transforms will be localized in different 
cones. Thus, the obstruction against infinite spin states to be present in the vacuum repre- 


27 




sentation is necessary because they cannot be Lorentz transformed by local generators. But 
the representatives of local generators in a cone-localized representation may well Lorentz 
transform infinite spin states present in these sectors. 

By our result (Cor. (9^ . if T is the free held net associated with an inhnite spin represen¬ 
tation, then the subnet A would be trivial. Hence, the above scenario necessarily requires 
a self-interaction of some unknown sort. It is an exciting challenge to describe such an 
interaction, and the possible interaction of inhnite spin helds with “ordinary matter” helds. 

Acknowledgements. We thank S. Carpi, D. Guido, G. Morsella, and J. Yngvason for 
useful discussions. 
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